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Large mixing induced by the strong coupling with a single bulk neutrino
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The neutrino is a good probe of extra dimensions. Large mixing and the apparent lack of very complicated
oscillation patterns may be an indication of large couplings between the brane and a single bulk neutrino. A
simple and realistic five-dimensional model of this kind is discussed. It requires a sterile neutrino in addition
to three active neutrinos on the brane, all coupled strongly to one common bulk neutrino, but not directly
among themselves. Mindful that sterile neutrinos are disfavored in the atmospheric and solar data, we demand
induced mixing to occur among the active neutrinos, but not between the active and the sterile. Fhefsize
the extra dimension is arbitrary in this model, otherwise it contains six parameters which can be used to fit the
three neutrino masses and the three mixing angles. However, in the model these six parameters must be
suitably ordered, so a successful fit is not guaranteed. It turns out that not only can the data be fitted, but, as a
result of the ordering, a natural connection between the smallness of the reactofaragld the smallness of
the mass-gap ratid M2,/ AM 205 phericCan be derived.
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[. INTRODUCTION model with equal couplingd; was first proposed in Reff3].
We will not ask in this paper the dynamical origin of the
Neutrinos are different from the other fermions. TheyMajorana mass nor the coupling; we will simply take the 2
have small masses and large mixing. Small masses can lémensionless parametars andd; to be real and adjustable.
explained by the seasaw mechanism, or by the presence hless that works phenomenologically, there is no point in
large extra dimensiond]. Large mixing is usually obtained speculating on the dynamical origin of the model.
with a right texture, which in the presence of extra dimen- Models of this kind have been studied by many authors
sions can be arranged through appropriate couplings betwe¢a—6|, but often without the Majorana masses, with 1,
the three or four brane neutrinos and the three or four bulland/or in the weak-coupling limit. When a single brane neu-
neutrinos. In this paper, we discuss a new and economicatino couples weakly to the bulk, oscillations occur between
mechanism to generate large mixif@j, through the strong the brane neutrino and only a few low-lying Kaluza-Klein
coupling of a single bulk neutrino to the brane neutrinos. (KK) modes of the sterile bulk. Nevertheless, the participa-
We take the point of view that the main difference be-tion of the few excited KK modes is important as they im-
tween neutrinos and other standard mo@l) fermions is  prove the poor energy dependence for a selato oscillate
due to the presence of extra dimensions. Being SM singletsnto a sterile neutring4]. To explain also atmospheric oscil-
sterile neutrinos can roam in the bulk whereas other fermiongation, it is necessary to introduce additional bulk neutrinos
cannot. If SM quantum numbers are trapped on the branend arrange the texture of the couplings appropriately.
perhaps flavor and generation numbers are trapped there asWhen couplings are increased, more KK modes are in-
well, in which case there is no reason to require more thawolved, which causes a wild and complicated oscillation pat-
one neutrino in the bulk. With only one bulk neutrino to tern to emergé5]. This could have been a smoking gun for
couple to, textures can no longer be arranged in the usughe presence of an extra dimension, but unfortunately there is
way, so the question is whether large and correct mixingho hint in the experimental data to support it. The probability
between the brane neutrinos can be automatically induced kg convert an active neutrino into a sterile KK mode is also
their couplings with this one common bulk neutrino. The enhanced, a fact which might cause some discomfort because
answer is clearly no if the brane-bulk couplings are weakpscillation into sterile neutrinos is disfavored by
but there is a chance when they are strong. experiments. In the strong-coupling limit wherf=1, the
To be definite we consider a simple model with one extraworrisome wild oscillations disappear, because the widths of
flat dimension of radiuk, which we use as the inverse- the states are now larger than their separations, making the
energy unit in the problem. This model contafrigrane neu-  spectrum effectively a continuum. Leakage into the KK
trinos, each with its own Majorana mass/R, and a single  modes is now total, with a leakage rate increasing with the
sterile bulk neutrino, coupled via Dirac massk$R to the  coupling[6], so very quickly the single brane neutrino sim-
brane neutrinos. The brane neutrinos do not directly couplgly disappears from sight. f>1, leakage is still present but
among themselves, and the bulk neutrino does not have a 5i8 now divided among thé brane neutrinos. In addition to
mass. All phases are ignored in this simple model, and fothe continuum in the spectrum, there are nbwl isolated
technical simplicity we shall take afh; to be positive, and eigenstates through which brane neutrinos with induced mix-
not equal to an integer or a half integer. The3 case of this

1The Liquid Scintillation Neutrinos defectdt. SND) experiment
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ing can oscillate. Fof =3, there are two isolated eigenval- parameters. Six is just the right number of parameters to fit
ues and hence only one mass difference, making it impoghe three mixing angles and the three dimensionless neutrino
sible to explain solar and atmospheric oscillationsmasseM ,R, whatever the radiuR is. Nevertheless, there is

simultaneously 2]. no guarantee that we can get a fit, because the resulting pa-
In this paper we show that the strong-coupling limitfof rameters must be ordered in a special way to be discussed
=4 works. In addition to the three active neutringsv,,v;  later. It is therefore encouraging that a fit to experimental

on the brane, we must introduce a fourth ong, which is  data is actually possible, with the requisite ordering of the
sterile. Bearing in mind that oscillation into sterile neutrinosparameters maintained.
is disfavored, we concentrate on a scenario where no induced As a consequence of this ordering, we will show that a
mixing exists between the sterile and the active brane neusery interesting connection can be established between the
trinos. In that case it turns out that the leakage into the bullsmallness of the reactor anghg; and the smallness of the
comes solely fromvg, which is nice for two reasons. First, mass-gap ratim\Mﬁoh.,l,/AM;tmospheric
since vg is sterile, there seems to be no reason for it to be After reviewing the known result of the strong-coupling
confined to the brane, so one might expect it to mix mordimit [2] in Sec. Il for anyf, a new parametrization is intro-
easily with the bulk. Second and more importantly, withoutduced in Sec. Ill, which is needed for the phenomenology
leakage into the bulk or mixing withg, the active neutrinos application in Sec. IV.
behave as if the fifth dimension were absent. That increases
the chance for the model to vyork because we know that 4D || T4E MODEL AND ITS STRONG-COUPLING LIMIT
analyses are phenomenologically successful. Nevertheless,
we must realize that the presence of the fifth dimension is The model to be considered here consist$ lofane neu-
indispensable for generating the induced mixing between th&rinos, with Majorana masses; /R, and a single massless
active neutrinos. bulk neutrino which is coupled to the brane neutrinos
We will show that this decoupling scenario can be ob-through Dirac massed; /R, with R being the radius of the
tained by choosingn,, the largest of the Majorana masses, extra dimension. In units of R/ its mass matrix is given by
to be much larger than the othef 22=6 dimensionless [3,2].

m O -~ 0 d d dy d; d
o m -~ 0 d, dy d, d, d,
0 0 mi d; d; d; di dy
d, d, d¢ 0 0 0 0 O
M=[ d, d, d¢ 0 1 0 o0 @
d, d, d 0 0 -1 0
d, d, d¢ 0 0 0 2
d, d, d¢ 0 0 0 0 -

in which the rows and columns are labeled respectively by f

the left-handed and right-handed neutrinos. The firstws E ei2=1. 3)
and columns are the brane neutrinos, and the rest amlthe =1
mode of the bulk neutrino. Thef2parametersl; andm; are

real and arbitrary, but for technical simplicity we will assume The functionr(A) is given by

them;’s to be non-negative, and not equal to an integer or a f g2
half integer. roN)=2, ——. (4)
The eigenvalue& of this matrix satisfies the characteris- =1 A—m
tic equation In the absence of coupling, the bulk eigenvalues are integers
5 and the brane eigenvalues are located-atm; . Accordingly
—tan(m\) =dr(n), (20 we label the flavor states by an indéxor n, where i
=1,...,f label the brane states antde Z label the KK
Whered2=2if:1d-2, soe;=d;/d obeys the constraint tower of bulk states.
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In the strong-coupling limif,whend>m; and 1, the char- erX11 /S, eXpls, o eXgr_1/NSi—; €

or r(\)=0. The former produces half-integer eigenvaluesV:

acteristic equatiorf2) is satisfied when either taa{.) =,
eXor/\S1  eXpl\s, - €Xaf-1/VSt-1 €
An=nN+3,neZ. The latter produces— 1 “isolated” eigen- o .

values N\ (1<a=<f-1), which are the roots of that —
equatior® Since r(\) approaches+« for A=m;+ and eXin/\SL eXiz/\'S, e i-1/\Sr-1 €
—oo for A\=m;—, it is not difficult to see that the isolated (8)
eigenvalues must always occur between pairangs. In
other words, wherex;,=1/(\ ,—m;) and
S
0<M <A <M< A< - - - <N <M. (5) Sa= 24 (N =2 9

The matrixV can be shown to be unitary; actually real or-

It is importan realize that in th rong- ling limi
tIs important to realize that in the strong-coupling L éhogonal because; and m; are assumed to be real. If we

flavor states are so thoroughly mixed up that it is impossibl ; : .
to tell whether a mass eiggngtate is mgre branelikepor bu|kr_eplace the functiorg(K?r) in E‘J- (7) by eXp(_”‘?T)' .f.or
like, much less which flavor brane neutrino it should be iden-SOMe real numbex;, then Eq.(7) is the usual 4D transition-
tified with. In particular, it is not true that the states with @mMPplitude formula from flavor neutrina; to n;, through
half-integer eigenvalues are bulklike and the isolated onethe mass eigenstates,, with a mixing matriX V: n;
are branelike. After all, there are onfy-1 isolated eigen- =Ekvjkﬁk. Moreover, if we choose\i>\,, for lsa<f
values and nof. —1, then for any detector with finite resolution, the last term
The transition amplituded;;(7) from a brane flavor neu- exp(~iN?7) averages to zero except for tinys, just like
trino j of energyE to a brane flavor neutring after it has  g(K?7). In other words, this 5D model in the strong-
traversed a distande=2E7R?, is given by coupling limit resembles a 4D theory with a mixing matvx
and a mass patternf{1)+1, with a huge mass gap be-
. —in2, tween the firsf — 1 neutrinosn, and the last ong);. Since
Aij(T):; UinUjre ' ©) Ny represents the total effect of the tower of half-integral
eigenvalues, rather than oscillating through it, it will be
shown immediately below that a brane neutrino disappears
where the infinite-dimensional mixing matri, is given by into it. In other words, we should probably think af as
the flavori component of the normalized mass eigenstatmaving a negative imaginary part.
with eigenvaluex. The sum oveh,=n+ 3 can be computed  Unlike the 4D case, the total probability for an initial flux
in the strong-coupling limit, resulting in a term proportional of flavorj to remain on the brane is not 1. There is a leakage
to a functiong(x), with g(0)=1 andg(x)—(1—i)/v27x into the bulk, equal to
for large|x|. The final result i2]

f
- 1_21|Aij(7)|2:ej2{1_|9(K27')|2}zej2- (10
2

()= 2, VEV.e "+ ViViig(K?7), 7 _
A7) aZl ta e i1Vir9(K*7) @ The leakage starts out to be 0 a0, but in the strong-
coupling limit it reaches its asymptotic vaIm? almost in-
9 12 2_2\s B 5 stantaneously. This leakage is given by the square of the
W_h?rEK =d (l?Ld & )>1.’ .Vi“_u”.a’ .and. Vit=€ - BX matrix elements in the last column Wt SinceEje]?:l, the
plicitly, the X f induced mixing matrix is given by total leakage into the bulk from all brane neutrinos is 1,
independent of.

2strong coupling is expected B~ is the only additional energy 1ll. A SIMPLE PARAMETRIZATION
scale that is relevant in the problem. This may be the case if there is
only one large extra dimension, because then the gravitational en- |t js fajrly complicated to compute the elements\6fin
ergy scale is still very high and presumably irrelevant. NeutrinoEq. (8). Given the parameteis andm;, we must first find
mass is given by the formulsl = kv/ /R [1], wherev is the Higgs the eigenvaluea, by solvingr(\,)=0. Then we have to

expectat_lon value and_ls the_ brane-bulk coupling constant in the computex;,, ands, , and finally the matrix elements & In
Lagrangian.x has a dimension of/R, and therefore can be ex-

pected to be of that order if there is no other relevant dimensional___
quantity around in the bulk. Our coupling constadi=MR

A i i ; _v3 ~ o
=kv\R~vR is then much larger than 1, R is of a submilliliter This relation is usually written ag;=27_,U;;v;(i=e,u,7) for

three flavors. We use this unconventional notation to avoid later

size. ~
*There is a slight change of notation from RE]. A, ... \¢in  confusion, because; turns out to be a permutation ef, andn; a
Ref. [2] have been renamely, ... \; ;. Accordingly the first  permutation ofn;, soU is obtained fromV by permutating rows

column ofV in Eq. (29) of Ref.[2] now appears in the last column. and columns.
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this section, we discuss a much simpler parametrization of
which enables its elements to be computed without having to
solve any equation. This new parametrization is needed for
the phenomenological discussion in the next section.
Instead of the 2—1 parameterg; and m;, we use as
independent parametarg and\ , . Since\ , are the zeros of
the functionr (\) in Eq. (2), they must obey the ordering in
Eq. (5), but otherwise these parameters are free to vary. To

mi_)\ﬁ)].__[ (Ng—my)
j#i

II «

pha

H (mi—=m) IT (A o=2p)
j#i B*a

[Viel=

show that we must be able to compwe from these new
parameters. To that end note that the functifw) is a mero-
morphic function with zeros at, and simple poles at;,
and it goes like ¥ for large|\|. Hence it is equal to

1;[ (A=Xp)
r(\)= . (11)
IT v—my)

J

Unless otherwise specified, all products oyare taken from
1tof, and all products oveB are taken from 1 té—1. The
quantityef, being the residue at the simple paole, is then
equal to

1;[ (Mmi—Ap)
= (12
(m;—my)

With the ordering(5), ei2 obtained from Eq(12) are auto-
matically non-negative.
We can now calculate from E@9) to get

H ()\a_)\ﬁ)

B*a
Se=(—-1)*—m——, (13)

le (Ag—m;)

which is always positive if Eq(5) is obeyed. Since;,
=1/(\ ,—m;), the matrix elements of become

1;[ (mi_)\ﬁ)H (A=)

V‘“:)\ 1m
« IT (m-m) TT (\o=2p)
j#i Bta
IT (m—2xp)
B
Vi=el= ——«—. (14)
_H (m;—my)

The indexi runs from 1 tof, and the indexy runs from 1 to

f—1. Itis easy to see that the sign df; is positive unless

H (mi—=X\p)
0. (15)

LI (mi—m;)
+

Note thatV is scale invariant, in tha¥ is unchanged if we
multiply every parametem; ,\ , by the same scale factor.

The matrix elements o¥ in Eq. (15) appear deceptively
symmetrical, but they are actually not because of(Bg.For
example, there is no way to leh;—m,—0 without also
letting A ,—m, andmgz—A,— 0. Similarly, there is no way to
makems large without also making ; andm, large, but we
can makem, large without affecting other parameters.

In view of Eq.(5), all quantities can be expressed in terms
of the 2(f —1) consecutive distances

Pa=A,—M, (Isasf-1),

qa:ma+l_)\a' (16)

Since V;; is scale invariant, there are actually only-23
independent parameters needed to spéecify

From Eq.(15) one sees that every matrix elemenidfias
an equal number afis’s in the numerator as the denomina-
tor, exceptV,s and V;,, which have one moren; in the
denominator than the numerator. Henceni&m,, A, the
induced mixing matrixV will take on the form

* * RV 0
* * AU 0

, (17
* * * O
0 0 0 1

where the asterisks indicate elements that are generally not
zero. In that case, there is no induced mixing between the
first f — 1 flavor neutrinos and the last. There is also no leak-

age ofn, into the bulk, for I=a<f—-1.

IV. PHENOMENOLOGY

The neutrino mass corresponding to eigenvalyg is
M,=\,/R. In order to have two differemiM?’s to explain
both atmospheric and solar neutrino oscillations, we need
three distinctA,’'s, hencef=4. Thus in additional to the
three brane neutrinose,v,,v, which are active, we are
forced to have one more brane neutrinpthat is sterile.

In the usual 4D analysis, a sterile neutrimg is intro-

j<i, when it is negative. With the sign taken care of, theduced to get us three independéitl®’s, needed to explain
magnitude of the matrix elements can be written in the moreolar, atmospheric, as well as LSND oscillations. In the

symmetric form

present context in five dimensions, leakage into the bulk is
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FIG. 1. A summary of the parameters in the strong-coupling limit ffer4. m; are the Majorana masses ang are the isolated
eigenvalues. These parameters must be ordered as indicated. Shown in the figures are also thepgisggraewell as the ratio§, «, 8, v,
and 8. The common distance with respect to which the ratios are takkp-is\ ;.

simulated by an infinitA\ M2, so we need four brane neutri- (y+a+B)dB(a+ &+ B)
nos just to have two finitA M?’s. Vao= ,
Experimentally, oscillation from solar and atmospheric (y+a+&+B)(y+B)(o+y)(B+a)
neutrinos into the sterile ones are disfavored. Sincenust
+a+ + 8+ +
be present in the theory, this requirement can be satisfied if v .= (ytatBylytpto)l f). (20)
v decouples from the active neutrinos, as in &g). All we (y+rat+&+p)(y+B)(6+y)

have to do is to leh,= v4, and choosen, to be far greater
than\, andm, .

SinceV is scale invariant, it is more useful to express it in
scale-invariant parameters

We shall henceforth denote thisx®3 submatrix ofV asV.

With phases neglected, there are six measurable quanti-
ties, the three neutrino masses and the three mixing angles.
There are seven parameters in the model, so one of these

§=p1/(dr+p2t+0az+p3), parameters can never be determined. We shall take it to be
the radiusR of the fifth dimension. The other six parameters
a=0./(qs+p2+dz+pa), m, .\, can in principle be determined from the six experi-
mental quantities, but there is no guarantee that the fitted
B=p2/(d1t P2+ 02+ P3), parameters will obey the ordering relatié). It is therefore
very encouraging that the resulting fit from the known ex-
= perimental data does obey E&).
7=/ (Gt P2+ Gzt Pa). As seen in Eq(20), four parameters are needed to specify
8=p3/(qi+tpot+dstpa). (18  the induced mixing matri¥/, not three. Hence the values of
the neutrino massdd , may affect the values of the mixing
Only four of these are independent because angles. This turns out to be the case in a particularly relevant
situation which we shall discuss later.
atpBt+yto=1 (19 The fitting of experimental data is not as straightforward

as it might be, because we do not know hows linked to
the experimental mixing matrixU, defined by v,

=Ej3=1Uij7/j(i =e,u, ), and parametrized as

See Fig. 1 for a summary of the parameters used.
The exact expressions for the asterisks in @) are

at+é+B)(1+ +tatpB)a
V= \/((a+§§)(ﬁy)4(— a+§§)iyﬁ)(ﬁ+'8;) , C12C13 $12€C13 Si13
U=| ~S12C237C12523513  C120237 512523513 S23C13
Vo \/ EL1+8)yB $125237 C12C23513  —C12S237 S12C23513  C23Ci3
PN (atd(y+atétp)(o+y)(f+a)
(21)
V3= flat it p)olyt St o) , As usual, sjj=sin#; and c;;=cos#;, and phases are ig-
(a+&(y+taté+p)(6+y) nored. We shall follow the usual convention to take all mix-
ing angles to be between 0 amd2, so that botts;; andc;;
Voo — BB (y+at B)E are non-negative.
2 (at&)(y+B)(B+a) ’ We do know that the thre’s are flavor neutrinos so they
must be the same as the threls, and that the threg’s are
Vpp= \/ a(y+p+ ) ylaté+p) , mass eigenstates so thgy must be idgntical to the thiee
(at&(y+PB)(o+y)(B+a) But, we do not know which is whichn; is arranged accord-
ing to increasing Majorana masses of the uncoupled fla-
Vo \/ aBs(1+§) vor neutrinos, an(fﬁj is arranged according to increasing
2 (a+&)(y+B)(6+7y) eigenvalues. On the other hang, is fixed by their weak
interactions, ana/j is tied to»; throughU;; and the experi-
Ve — \/ yoag mental mixing angles. To find the correct assignments; of
st (y+a+&é+B)(y+B)(B+a) to v, andﬁj to 7/1- , we need to determine what permutations
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of rows and columns o¥ are needed to bring it into the form
of U. As noted earlier, although there are six paramete¥4 in
the ordering requirements) does make the columns and
rows of V inequivalent.
The present experimental situation is as follows.
Atmospheric mixing is maximal. It gives taf,;=1, with
a square mass differendeM 2, =2.5x 102 (eV)? [7].
There are several

Large mixing angle(LMA), (LOW), and vaccum(VAC).

The exact parameters and the goodness of the fit of each [0.98000,0.99996, 1.00000 (M;=2

PHYSICAL REVIEW D 65 053009

p=(M—M)/(Mzg—M)=a+pB=1-y-5 (22

be the ratio of mass differences. Its value dependisignon

G, and on the solar-neutrino solution. Listed below are some
values ofp for the solar solutiongLMA, LOW, VAC] at
variousM; andG:

[0.98995,0.99998, 1.000pM,=0 eV, G=1),

possible solar-neutrino solutions
[8—-1(Q. Of these we consider the three most likely ones:

[0.98001,0.99996, 1.000p0 (M,;=1 eV, G=1),

eV, G=1),

depend on the specific analysis, but generally speaking, the

LMA solution is the most favorable. In global analyses

[0.14142,0.00663,0.00024 (M;=0 eV, G=2),

where both rate and spectrum are taken into account, the

small mixing angle(SMA) solution is poor so we will not

consider it. The parameters do not vary that much from

analysis to analysis, so for the following discussions, we will
adopt the parameters taken from Table 2 of Réf. The
(tanzalz,AMiol) values for these solutions are: LMA
=(0.36,5x 10 °), VAC=(0.363, 1.4 10 19, LOW=(0.69,
1.1x10° 7). The unit forAM? is (eV)2. As for the reactor
angle, only an upper bound of ta3<0.04 is known from
the CHOOZ experimentl1].

We do not know the values d¥l,, except for an upper
bound of about 2 e\12] from end-point measurements of
tritium B decay. We will therefore tredl ; as a parameter, to
be varied from 0 to 2 eV. Using E¢p), the values oM, and

[0.02001, 0.00004, 0.00000 (M;=1 eV, G=2),

[0.02000, 0.00005, 0.00000 (M;=2 eV, G=2).

(23

We see thap is close to 1 forG=1, and close to 0 foc
=2.

An analytical solution exists if we approximageto be 0
for G=2, and 1 forG=1. This is discussed below, sepa-
rately for G=2 andG=1, together with the numerical so-
lutions when this approximation is not made.

A . G=2

M are then determined from the magnitude of the solar and The mass oh; increases with. When the solar gap is at

atmospheric gaps. If the solar gap is on top, thdnp

= M2+ (AM?) ymandM ;= M2+ (AM?),, We will des-

ignate this case a&=1. If the solar gap is at the bottom,

then M,= M2+ (AM?), and M3= M2+ (AM?) yre We
will designate this case &8=2.
Let

the bottom, either{;,n,,ng)=(v1,7,,73), or (N;,Ny,N3)
_(V21V11V3)-

When p=0, it follows from Eg.(22) that «= =0, be-
cause bothw and 8 must be non-negative. Using EA.9),
we also getd=1— . Defining o/ B=a, the matrixV in this
limit simplifies to

V+gyal(y+é)(l+a) L+ yl(y+é(1+a)  VEL—pI(y+E)
V= —VJ1(1+a) Jal(1+a) 0 (24)
—V(l-yaé(y+&(l+a) —V(1-pé(y+&(1l+a) Vy(1+/(y+§)

The outstanding feature of this matrix ES—O Sincens

=7, and the atmospheric mixing is maximal, the only way
that this could happen is fon,=v,, and Vo3=U =53
=0.

Thus the smallness af 5 is naturally related to the small-
ness of AMZ /AM?Z, ., at least in the sense that we are
forced to haves;3=0 if the mass ratio is zero. This remark-

SCHOOZ quotes an upper bound of ¥2¥)=0.1 for largeAM?,
correspondlng to a t&A=0.026. In the vicinity of AM?=2.5

able feature of the model is a consequence of the ordering
Eq. (5), which demands botk and 8 to be non-negative. It
is not the result of an arranged texture.
To implement the atmospheric mixing condition 18,
=1, we need=vy/(1—-2vy), then

Ja/2(1+a)  J1U21+a) 12
v_| —-Vi(1+a) Jal(l+a) 0 25
—Ja2(1+a) —JU2A1+a) 12

X 10" 2 eV?, the best-fitted atmospheric mass difference, the bound

is tarf #=0.038. We will be cautious and take f#h,<0.04.

To bring V into the form of U, we can multiply the first
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column of V by —1 (this is just a change of sign conven-

PHYSICAL REVIEW D65 053009

TABLE |. Each of these tables shows the fitted parameter®(y, ) for a givenM, and ¢, whenG
=2. The resulting value of t&d; is given. The last two columns should be equal to’tan and &,
respectively, in thep=0 limit. To save space, 1:810°, for example, is written as 1.8(5). LMA: M,
=2 eV, p=.02, tartd,,=0.36

3 tanz013 o B vy ) al B vI(1—27%)
0.500 0.0007 0.0054 0.0146 0.2465 0.7335 0.3668 0.4862
0.300 0.0013 0.0054 0.0146 0.1868 0.7932 0.3662 0.2983
0.050 0.0211 0.0052 0.0148 0.0520 0.9280 0.3488 0.0581
0.032 0.0398 0.0050 0.0150 0.0375 0.9425 0.3329 0.0406
LMA: M;=0 eV, p=0.14, takf;,=0.36

I3 tarf 6,3 a B ¥ ) al B YI(1—2%)
100 0.0043 0.0415 0.0999 0.4106 0.4480 0.4150 2.297
10 0.0050 0.0414 0.1000 0.3937 0.4648 0.4142 1.853
1 0.0139 0.0408 0.1006 0.2846 0.5740 0.4054 0.661
0.34 0.0391 0.0390 0.1024 0.1901 0.6685 0.3807 0.307
LOW: M;=2 eV, p=0.00005, tafd;,=0.69

£ tarf g5 a B y ) al B YI(1—2%)
0.5000 4.4-9) 1.8-5) 2.71—5) 0.2500 0.7500 0.6900 0.4999
0.0100 4.9-6) 1.8—5) 2.71-5) 0.0098 0.9901 0.6900 0.0100
0.0010 0.0005 1(8-5) 2.71-5) 0.0010 0.9989 0.6898 0.0010
0.0001 0.0313 1(8-5) 2.71-5) 0.0001 0.9998 0.6738 0.0001
LOW: M;=0 eV, p=0.00663, tafd;,=0.69

& tarf ;5 a B y 5 al B yI(1—27)

1 4.2-5) 0.0027 0.0039 0.3302 0.6632 0.6946 0.9723
0.100 0.0012 0.0027 0.0039 0.0833 0.9101 0.6940 0.0999
0.030 0.0099 0.0027 0.0039 0.0291 0.9643 0.6894 0.0309
0.013 0.0398 0.0027 0.0040 0.0137 0.9797 0.6739 0.0141
VAC: M;=0 eV, p=0.00024, tafd,,=0.363

& tarf 6,3 a B vy ) al B vI(1—27y)
0.1000 1.8-6) 6.3(—5) 0.0002 0.0834 0.9164 0.3631 0.1001
0.0100 0.0001 6(3-5) 0.0002 0.0099 0.9899 0.3630 0.0101
0.0010 0.0080 6(2-5) 0.0002 0.0011 0.9987 0.3562 0.0011
0.0004 0.0400 5(9-5) 0.0002 0.0005 0.9993 0.3292 0.0005

tion), and change its row§l,2,3 to (2,1,3. The resulting

matrix

U=

J1/(1+a) Val/(1+a) 0
—Va2(1+a) JU2A1+a) 12
Jai(1+a) —U2A1+a) 12

(26)

should be compared witkd in the approximations;3=0,

which is

Ci2
—S12C23
S12523

S1o 0
C12C23  Sp3
—C12823 Cp3

(27)

It shows s;»=+al/(1+a) and c,=y1/(1+a). Sincea is
arbitrary, all solar solutions can be accommodated.
If we interchange the first two columns and also the last

two rows ofU, we simply interchanga with a~ 1. Sincea is
arbitrary, this form is equally allowed. Hence there is no way
to distinguish the caseng,ng)=(v,,r,) and {;,n,)
=(v1,v,) from the case ify,n3)=(v,,v,) and {i;,ny)
=(v2,v1).

The actual value of is given in Eq.(23). It is zero for the
VAC solution whenM is between 1 and 2 eV, to within the
number of digits shown, so the analytical solution discussed
above is perfectly adequate. No more will be said about it.

For the other caseg;>0, numerical solutions are pro-
vided in Table I. This table is constructed in the following
way. For a givenlM and &, and a given solar solution, the
three parameter®,y,é(a=1—B—y—45) are determined
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from fitting the three inputsp, tarfé,;=1, and tafé;,.
Then taé,5 is calculated. To test the goodness of the ap-
proximation p=0, we also list in the last two columre
=alB andy/(1—2vy) calculated from the fitted parameters.
Whenp=0, the former is equal to tdf;,, and the latter is  may indeed be large. An examination of Table | shows this is
equal tog. Other than the LMA solution &,=0 eV, where indeed what happens: fah is relatively large only whery
p=0.14 is fairly large, the agreement is quite good. Thisjs re|atively small.
shovys that the approximatign=0 is a very reasonable one. y can vary from 0 to + a— B=1 for smallp. Except for
Since tafif15=0 whenp=0, one might expect tdu; very smally, in most of this range it yields a small fah ;.
(and therefore also sif3) to be small wherp is small. A So in a statistical sense it is indeed true that a smadinds

glsa\?vceecgzzp:]estl tigov;s;;g‘at this :ZIS?: tgeﬁ%eszzr:gr tr;eagas?o yield a small taf¥;3, meaning that the smallness of the
! P eteto y 13 9 reactor angle is naturally related to the smallness of the solar

the CHOOZ bound 0.04, or even bigger. To understand Whatt tmospheric m rati
this means let us examine the formula 0 atmospheric mass gap ratio.

o(1
aB(1+6) 08 5 Gt

H(y+p)(6+y)
The main conclusions of the last subsection are essentially
obtained from Eq(20). For smallp, both andg aresmall.  ynchanged. Here are the details.

As pointed out above, the approximatiods-y/(1—2vy) . L~~~
and tak#,,~a= a/B are good. The parametaris fixed by When the solar gap is on top, eithems(nz,ns)

the solar solution, so Sif5 is of order 82, unless the de- = (¥3:V2,71) O (N1,Nz,N3)=(v3,v1,v5) Must be true.
nominator in Eq.(28) is also small. Nows+ y=1—a— When p=1, it follows from Eq.(22) that y=5=0 be-
~1 for small 8 and @, and¢ is proportional toy for small ~ cause they must both be positive. In that case it foll(ﬂvs from
v, hence the denominator is small and of org@rif and  Eq. (19) that a=1— 8. Defining 6/ y=d, the matrixV in
only if vy is itself of orders. In that caset= vy, and this limit simplifies to be

Sin? 0,5~ (y=cB<1) (29

a
(a+c)(1+c)

sin2013=v53= (a+

(1+&)(1-p) \/ éB \/ £dp
1-B+¢ (1-B+&(1+d) (1-B+&)(1+d)

| Bé (1-p)(1+§) \/(1—B)d(1+§)
1-B+¢ (1-B+H(1+d)  V(1-B+H(1+d)

0 VLS NS
1+d 1+d

Similar to the cas& =2, sincen, = r5, we should identifyVz;= U 3= 513= O,_and hence;=v.. The atmospheric condition
tarf#,5=1 then requireg=(1+d—B—dB)/(—1—d+2B+dp), and turnsV into

J1(2+d) J1I(2+d) Jdi(2+d)

V= (30)

V=| —J(1+d)/(2+d) Vi(1+d)(2+d) d/(1+d)(2+d) |. (31)
0 —Jd/(1+d) JV1l(1+d)

Multiplying the second row and the second column each-lly and interchanging the first and third rows and well as the first
and third columns, briny to the form

V1(1+d) Jd/(1+d) 0
U=| —Jd/(1+d)(2+d) VI(1+d)(2+d) V(1+d)/(2+d) |, (32
Jd/(2+d) —\1/(2+d) JV1(2+d)

which we can identify withU of Eq. (27) to fix the parameted from the solar angle.
We can carry out a numerical fit like Table | and obtain similar results. Since in thispcadeis a fairly good approxi-
mation even for theM ;=2 situation of LMA, we will not show these fits here.
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V. CONCLUSION and economic model where both of these problems are

. . . . . . solved. The model consists of a sterile neutrinoin addi-
In theories with extra dimensions where ordinary particles. . )

) i : ional to three active neutrinosg.,v,,v, on the brane,
are confined to the three-brane, only gravity and sterile neu- s

trino are allowed to roam in the bulk. Moreover, if there is coupled strongly to a single common neutrino in the bulk,

X , . but not directly among themselves. In the strong- coupling
only a single large extra dimension, the energy scale of 9"8Vimit, the complicated oscillation patterns are washed out, the
ity would still be too high to produce many gravitons, then itindu’ced couplin s between thré brane neutrinos beéome
leaves the neutrino to be the only probe of extra dimensionF piings ; :

O X . : . Targe, and the sterile neutrinos on the brane and in the bulk
in high-energy experiments. It is therefore important to in- ; . .
can be made to decouple from the active neutrinos. This

vgstlgate whethgr there are signs pointing to a higher dlmenr'esults in a realistic theory of neutrino oscillations, capable
sion in the neutrino data.

. . . . of accommodating all existing neutrino data. It also predicts
A large extra dimension may explain the small neutrmoa natural connection between the smallness of the reactor
mass. The Strong coupling between brane and bulk neutrings .
may also explain the large mixing not seen in the quarkangle O3, an_d the smallness of the solar to atmospheric
sector. Unfortunately, it is not easy to realize these ideasr:nass gap ratio.
because oscillations into sterile neutrinos are greatly disfa-
vored in the solar and atmospheric neutrino data, and the
presence of the Kaluza-Klein tower of sterile neutrinos from  This research is supported by the Natural Science and
the bulk tends to produce a very complicated oscillation patEngineering Research Council of Canada and FCAR ofQue

tern not hitherto observed. In this paper we consider a simplbec.
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