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Large mixing induced by the strong coupling with a single bulk neutrino
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~Received 10 October 2001; published 31 January 2002!

The neutrino is a good probe of extra dimensions. Large mixing and the apparent lack of very complicated
oscillation patterns may be an indication of large couplings between the brane and a single bulk neutrino. A
simple and realistic five-dimensional model of this kind is discussed. It requires a sterile neutrino in addition
to three active neutrinos on the brane, all coupled strongly to one common bulk neutrino, but not directly
among themselves. Mindful that sterile neutrinos are disfavored in the atmospheric and solar data, we demand
induced mixing to occur among the active neutrinos, but not between the active and the sterile. The sizeR of
the extra dimension is arbitrary in this model, otherwise it contains six parameters which can be used to fit the
three neutrino masses and the three mixing angles. However, in the model these six parameters must be
suitably ordered, so a successful fit is not guaranteed. It turns out that not only can the data be fitted, but, as a
result of the ordering, a natural connection between the smallness of the reactor angleu13 and the smallness of
the mass-gap ratioDMsolar

2 /DMatmospheric
2 can be derived.
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I. INTRODUCTION

Neutrinos are different from the other fermions. Th
have small masses and large mixing. Small masses ca
explained by the seasaw mechanism, or by the presenc
large extra dimensions@1#. Large mixing is usually obtained
with a right texture, which in the presence of extra dime
sions can be arranged through appropriate couplings betw
the three or four brane neutrinos and the three or four b
neutrinos. In this paper, we discuss a new and econom
mechanism to generate large mixing@2#, through the strong
coupling of a single bulk neutrino to the brane neutrinos.

We take the point of view that the main difference b
tween neutrinos and other standard model~SM! fermions is
due to the presence of extra dimensions. Being SM sing
sterile neutrinos can roam in the bulk whereas other fermi
cannot. If SM quantum numbers are trapped on the bra
perhaps flavor and generation numbers are trapped the
well, in which case there is no reason to require more t
one neutrino in the bulk. With only one bulk neutrino
couple to, textures can no longer be arranged in the u
way, so the question is whether large and correct mix
between the brane neutrinos can be automatically induce
their couplings with this one common bulk neutrino. T
answer is clearly no if the brane-bulk couplings are we
but there is a chance when they are strong.

To be definite we consider a simple model with one ex
flat dimension of radiusR, which we use as the inverse
energy unit in the problem. This model containsf brane neu-
trinos, each with its own Majorana massmi /R, and a single
sterile bulk neutrino, coupled via Dirac massesdi /R to the
brane neutrinos. The brane neutrinos do not directly cou
among themselves, and the bulk neutrino does not have a
mass. All phases are ignored in this simple model, and
technical simplicity we shall take allmi to be positive, and
not equal to an integer or a half integer. Thef 53 case of this
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model with equal couplingsdi was first proposed in Ref.@3#.
We will not ask in this paper the dynamical origin of th

Majorana mass nor the coupling; we will simply take thef
dimensionless parametersmi anddi to be real and adjustable
Unless that works phenomenologically, there is no point
speculating on the dynamical origin of the model.

Models of this kind have been studied by many auth
@4–6#, but often without the Majorana masses, withf 51,
and/or in the weak-coupling limit. When a single brane ne
trino couples weakly to the bulk, oscillations occur betwe
the brane neutrino and only a few low-lying Kaluza-Kle
~KK ! modes of the sterile bulk. Nevertheless, the partici
tion of the few excited KK modes is important as they im
prove the poor energy dependence for a solarne to oscillate
into a sterile neutrino@4#. To explain also atmospheric osci
lation, it is necessary to introduce additional bulk neutrin
and arrange the texture of the couplings appropriately.

When couplings are increased, more KK modes are
volved, which causes a wild and complicated oscillation p
tern to emerge@5#. This could have been a smoking gun f
the presence of an extra dimension, but unfortunately the
no hint in the experimental data to support it. The probabi
to convert an active neutrino into a sterile KK mode is a
enhanced, a fact which might cause some discomfort bec
oscillation into sterile neutrinos is disfavored b
experiments.1 In the strong-coupling limit whenf 51, the
worrisome wild oscillations disappear, because the widths
the states are now larger than their separations, making
spectrum effectively a continuum. Leakage into the K
modes is now total, with a leakage rate increasing with
coupling @6#, so very quickly the single brane neutrino sim
ply disappears from sight. Iff .1, leakage is still present bu
is now divided among thef brane neutrinos. In addition to
the continuum in the spectrum, there are nowf 21 isolated
eigenstates through which brane neutrinos with induced m

1The Liquid Scintillation Neutrinos defector~LSND! experiment
will be ignored throughout this paper.
©2002 The American Physical Society09-1
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C. S. LAM PHYSICAL REVIEW D 65 053009
ing can oscillate. Forf 53, there are two isolated eigenva
ues and hence only one mass difference, making it imp
sible to explain solar and atmospheric oscillatio
simultaneously@2#.

In this paper we show that the strong-coupling limit off
54 works. In addition to the three active neutrinosne ,nn ,n t
on the brane, we must introduce a fourth one,ns , which is
sterile. Bearing in mind that oscillation into sterile neutrin
is disfavored, we concentrate on a scenario where no indu
mixing exists between the sterile and the active brane n
trinos. In that case it turns out that the leakage into the b
comes solely fromns , which is nice for two reasons. Firs
sincens is sterile, there seems to be no reason for it to
confined to the brane, so one might expect it to mix m
easily with the bulk. Second and more importantly, witho
leakage into the bulk or mixing withns , the active neutrinos
behave as if the fifth dimension were absent. That increa
the chance for the model to work because we know that
analyses are phenomenologically successful. Neverthe
we must realize that the presence of the fifth dimension
indispensable for generating the induced mixing between
active neutrinos.

We will show that this decoupling scenario can be o
tained by choosingm4, the largest of the Majorana masse
to be much larger than the other 2f 2256 dimensionless
b
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parameters. Six is just the right number of parameters to
the three mixing angles and the three dimensionless neu
massesMaR, whatever the radiusR is. Nevertheless, there i
no guarantee that we can get a fit, because the resulting
rameters must be ordered in a special way to be discu
later. It is therefore encouraging that a fit to experimen
data is actually possible, with the requisite ordering of t
parameters maintained.

As a consequence of this ordering, we will show tha
very interesting connection can be established between
smallness of the reactor angleu13 and the smallness of th
mass-gap ratioDMsolar

2 /DMatmospheric
2 .

After reviewing the known result of the strong-couplin
limit @2# in Sec. II for anyf, a new parametrization is intro
duced in Sec. III, which is needed for the phenomenolo
application in Sec. IV.

II. THE MODEL AND ITS STRONG-COUPLING LIMIT

The model to be considered here consists off brane neu-
trinos, with Majorana massesmi /R, and a single massles
bulk neutrino which is coupled to the brane neutrin
through Dirac massesdi /R, with R being the radius of the
extra dimension. In units of 1/R, its mass matrix is given by
@3,2#.
M51
m1 0 ••• 0 d1 d1 d1 d1 d1 •••

0 m2 ••• 0 d2 d2 d2 d2 d2 •••

••• ••• •••

0 0 ••• mf df df df df df •••

d1 d2 ••• df 0 0 0 0 0 •••

d1 d2 ••• df 0 1 0 0 0 •••

d1 d2 ••• df 0 0 21 0 0 •••

d1 d2 ••• df 0 0 0 2 0 •••

d1 d2 ••• df 0 0 0 0 22 •••

••• ••• ••• •••

2 ~1!
ers
in which the rows and columns are labeled respectively
the left-handed and right-handed neutrinos. The firstf rows
and columns are the brane neutrinos, and the rest are thnth
mode of the bulk neutrino. The 2f parametersdi andmi are
real and arbitrary, but for technical simplicity we will assum
the mi ’s to be non-negative, and not equal to an integer o
half integer.

The eigenvaluesl of this matrix satisfies the characteri
tic equation

1

p
tan~pl!5d2 r ~l!, ~2!

whered25( i 51
f di

2 , soei5di /d obeys the constraint
y

a

(
i 51

f

ei
251. ~3!

The functionr (l) is given by

r ~l!5(
i 51

f ei
2

l2mi
. ~4!

In the absence of coupling, the bulk eigenvalues are integ
and the brane eigenvalues are located atl5mi . Accordingly
we label the flavor states by an indexi or n, where i
51, . . . ,f label the brane states andnPZ label the KK
tower of bulk states.
9-2
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LARGE MIXING INDUCED BY THE STRONG COUPLING . . . PHYSICAL REVIEW D65 053009
In the strong-coupling limit,2 whend@mi and 1, the char-
acteristic equation~2! is satisfied when either tan(pl)5`,
or r (l)50. The former produces half-integer eigenvalu
ln5n1 1

2 ,nPZ. The latter producesf 21 ‘‘isolated’’ eigen-
values la(1<a< f 21), which are the roots of tha
equation.3 Since r (l) approaches1` for l5mi1 and
2` for l5mi2, it is not difficult to see that the isolate
eigenvalues must always occur between pairs ofmi ’s. In
other words,

0,m1,l1,m2,l2,•••,l f 21,mf . ~5!

It is important to realize that in the strong-coupling lim
flavor states are so thoroughly mixed up that it is imposs
to tell whether a mass eigenstate is more branelike or b
like, much less which flavor brane neutrino it should be ide
tified with. In particular, it is not true that the states wi
half-integer eigenvalues are bulklike and the isolated o
are branelike. After all, there are onlyf 21 isolated eigen-
values and notf.

The transition amplitudeAi j (t) from a brane flavor neu
trino j of energyE to a brane flavor neutrinoi, after it has
traversed a distanceL52EtR2, is given by

Ai j ~t!5(
l

uiluj l* e2 il2t, ~6!

where the infinite-dimensional mixing matrixuil is given by
the flavor-i component of the normalized mass eigenst
with eigenvaluel. The sum overln5n1 1

2 can be computed
in the strong-coupling limit, resulting in a term proportion
to a functiong(x), with g(0)51 andg(x)→(12 i )/A2px
for large uxu. The final result is@2#

Ai j ~t!5 (
a51

f 21

Via* Vj ae2 ila
2t1Vi f* Vj f g~K2t!, ~7!

where K25d2(11d2p2)@1, Via5uila
, and Vi f 5ei

2 . Ex-

plicitly, the f 3 f induced mixing matrix is given by

2Strong coupling is expected ifR21 is the only additional energy
scale that is relevant in the problem. This may be the case if the
only one large extra dimension, because then the gravitationa
ergy scale is still very high and presumably irrelevant. Neutr
mass is given by the formulaM5kv/AR @1#, wherev is the Higgs
expectation value andk is the brane-bulk coupling constant in th
Lagrangian.k has a dimension ofAR, and therefore can be ex
pected to be of that order if there is no other relevant dimensio
quantity around in the bulk. Our coupling constantdi5MR
5kvAR;vR is then much larger than 1, ifR is of a submilliliter
size.

3There is a slight change of notation from Ref.@2#. l2 , . . . ,l f in
Ref. @2# have been renamedl1 , . . . ,l f 21. Accordingly the first
column ofV in Eq. ~29! of Ref. @2# now appears in the last column
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V5S e1x11/As1 e1x12/As2 ••• e1x1,f 21 /Asf 21 e1

e2x21/As1 e2x22/As2 ••• e2x2,f 21 /Asf 21 e2

••• •••

efxf 1 /As1 efxf 2 /As2 ••• efxf , f 21 /Asf 21 ef

D
(8)

wherexia51/(la2mi) and

sa5(
i 51

f ei
2

~la2mi !
2 . ~9!

The matrixV can be shown to be unitary; actually real o
thogonal becauseei and mi are assumed to be real. If w
replace the functiong(K2t) in Eq. ~7! by exp(2ilf

2t), for
some real numberl f , then Eq.~7! is the usual 4D transition-
amplitude formula from flavor neutrinonj to ni , through
the mass eigenstatesñk , with a mixing matrix4 V: nj

5(kVjkñk . Moreover, if we choosel f@la , for 1<a< f
21, then for any detector with finite resolution, the last te
exp(2ilf

2t) averages to zero except for tinyt ’s, just like
g(K2t). In other words, this 5D model in the strong
coupling limit resembles a 4D theory with a mixing matrixV
and a mass pattern (f 21)11, with a huge mass gap be
tween the firstf 21 neutrinosña and the last one,ñf . Since
ñf represents the total effect of the tower of half-integ
eigenvalues, rather than oscillating through it, it will b
shown immediately below that a brane neutrino disappe
into it. In other words, we should probably think ofl f

2 as
having a negative imaginary part.

Unlike the 4D case, the total probability for an initial flu
of flavor j to remain on the brane is not 1. There is a leaka
into the bulk, equal to

12(
i 51

f

uAi j ~t!u25ej
2$12ug~K2t!u2%.ej

2 . ~10!

The leakage starts out to be 0 att50, but in the strong-
coupling limit it reaches its asymptotic valueej

2 almost in-
stantaneously. This leakage is given by the square of
matrix elements in the last column ofV. Since( jej

251, the
total leakage into the bulk from all brane neutrinos is
independent off.

III. A SIMPLE PARAMETRIZATION

It is fairly complicated to compute the elements ofV in
Eq. ~8!. Given the parametersei andmi , we must first find
the eigenvaluesla by solving r (la)50. Then we have to
computexia andsa , and finally the matrix elements ofV. In

is
n-

al

4This relation is usually written asn i5( j 51
3 Ui j ñ j ( i 5e,m,t) for

three flavors. We use this unconventional notation to avoid la

confusion, becauseni turns out to be a permutation ofn i , andñ j a

permutation ofñ j , so U is obtained fromV by permutating rows
and columns.
9-3
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C. S. LAM PHYSICAL REVIEW D 65 053009
this section, we discuss a much simpler parametrization oV
which enables its elements to be computed without havin
solve any equation. This new parametrization is needed
the phenomenological discussion in the next section.

Instead of the 2f 21 parametersei and mi , we use as
independent parametersmi andla . Sincela are the zeros of
the functionr (l) in Eq. ~2!, they must obey the ordering i
Eq. ~5!, but otherwise these parameters are free to vary
show that we must be able to computeei

2 from these new
parameters. To that end note that the functionr (l) is a mero-
morphic function with zeros atla and simple poles atmi ,
and it goes like 1/l for large ulu. Hence it is equal to

r ~l!5

)
b

~l2lb!

)
j

~l2mj !

. ~11!

Unless otherwise specified, all products overj are taken from
1 to f, and all products overb are taken from 1 tof 21. The
quantityei

2 , being the residue at the simple polemi , is then
equal to

ei
25

)
b

~mi2lb!

)
j 5” i

~mi2mj !

. ~12!

With the ordering~5!, ei
2 obtained from Eq.~12! are auto-

matically non-negative.
We can now calculate from Eq.~9! to get

sa5~21!a

)
b5” a

~la2lb!

)
j

~la2mj !

, ~13!

which is always positive if Eq.~5! is obeyed. Sincexia
51/(la2mi), the matrix elements ofV become

Via5
1

la2mi!U )
b

~mi2lb!)
j

~la2mj !

)
j 5” i

~mi2mj ! )
b5” a

~la2lb!
U

Vi f 5ei
25

)
b

~mi2lb!

)
j 5” i

~mi2mj !

. ~14!

The indexi runs from 1 tof, and the indexa runs from 1 to
f 21. It is easy to see that the sign ofVi j is positive unless
j , i , when it is negative. With the sign taken care of, t
magnitude of the matrix elements can be written in the m
symmetric form
05300
to
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uViau5!U)
b5” a

~mi2lb!)
j 5” i

~la2mj !

)
j 5” i

~mi2mj ! )
b5” a

~la2lb!
U ,

Vi f 5ei
25

)
b

~mi2lb!

)
j 5” i

~mi2mj !

. ~15!

Note thatV is scale invariant, in thatV is unchanged if we
multiply every parametermi ,la by the same scale factor.

The matrix elements ofV in Eq. ~15! appear deceptively
symmetrical, but they are actually not because of Eq.~5!. For
example, there is no way to letm32m2→0 without also
letting l22m2 andm32l2→0. Similarly, there is no way to
makem3 large without also makingl3 andm4 large, but we
can makem4 large without affecting other parameters.

In view of Eq.~5!, all quantities can be expressed in term
of the 2(f 21) consecutive distances

pa5la2ma ~1<a< f 21!,

qa5ma112la . ~16!

Since Vi j is scale invariant, there are actually only 2f 23
independent parameters needed to specifyV.

From Eq.~15! one sees that every matrix element ofV has
an equal number ofmf ’s in the numerator as the denomin
tor, exceptVa f and Vf a , which have one moremf in the
denominator than the numerator. Hence ifmf@ma ,la , the
induced mixing matrixV will take on the form

S * * ••• * 0

* * ••• * 0

••• ••• ••• ••• •••

* * ••• * 0

0 0 ••• 0 1

D , ~17!

where the asterisks indicate elements that are generally
zero. In that case, there is no induced mixing between
first f 21 flavor neutrinos and the last. There is also no le
age ofna into the bulk, for 1<a< f 21.

IV. PHENOMENOLOGY

The neutrino mass corresponding to eigenvaluela is
Ma5la /R. In order to have two differentDM2’s to explain
both atmospheric and solar neutrino oscillations, we n
three distinctla’s, hence f 54. Thus in additional to the
three brane neutrinosne ,nm ,nt which are active, we are
forced to have one more brane neutrinons that is sterile.

In the usual 4D analysis, a sterile neutrinons is intro-
duced to get us three independentDM2’s, needed to explain
solar, atmospheric, as well as LSND oscillations. In t
present context in five dimensions, leakage into the bulk
9-4
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FIG. 1. A summary of the parameters in the strong-coupling limit forf 54. mi are the Majorana masses andla are the isolated
eigenvalues. These parameters must be ordered as indicated. Shown in the figures are also the distancespa ,qa as well as the ratiosj,a,b,g,
andd. The common distance with respect to which the ratios are taken isl32l1.
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simulated by an infiniteDM2, so we need four brane neutr
nos just to have two finiteDM2’s.

Experimentally, oscillation from solar and atmosphe
neutrinos into the sterile ones are disfavored. Sincens must
be present in the theory, this requirement can be satisfie
ns decouples from the active neutrinos, as in Eq.~17!. All we
have to do is to letn45ns , and choosem4 to be far greater
thanla andma .

SinceV is scale invariant, it is more useful to express it
scale-invariant parameters

j5p1 /~q11p21q21p3!,

a5q1 /~q11p21q21p3!,

b5p2 /~q11p21q21p3!,

g5q2 /~q11p21q21p3!,

d5p3 /~q11p21q21p3!. ~18!

Only four of these are independent because

a1b1g1d51. ~19!

See Fig. 1 for a summary of the parameters used.
The exact expressions for the asterisks in Eq.~17! are

V115A~a1j1b!~11j!~g1a1b!a

~a1j!~g1a1j1b!~b1a!
,

V125A j~11j!gb

~a1j!~g1a1j1b!~d1g!~b1a!
,

V135A j~a1j1b!d~g1b1d!

~a1j!~g1a1j1b!~d1g!
,

V2152Ab~g1b1d!~g1a1b!j

~a1j!~g1b!~b1a!
,

V225A a~g1b1d!g~a1j1b!

~a1j!~g1b!~d1g!~b1a!
,

V235A abd~11j!

~a1j!~g1b!~d1g!
,

V3152A gdaj

~g1a1j1b!~g1b!~b1a!
,

05300
if

V3252A ~g1a1b!db~a1j1b!

~g1a1j1b!~g1b!~d1g!~b1a!
,

V335A~g1a1b!g~g1b1d!~11j!

~g1a1j1b!~g1b!~d1g!
. ~20!

We shall henceforth denote this 333 submatrix ofV as V̄.
With phases neglected, there are six measurable qu

ties, the three neutrino masses and the three mixing an
There are seven parameters in the model, so one of t
parameters can never be determined. We shall take it to
the radiusR of the fifth dimension. The other six paramete
ma ,la can in principle be determined from the six expe
mental quantities, but there is no guarantee that the fi
parameters will obey the ordering relation~5!. It is therefore
very encouraging that the resulting fit from the known e
perimental data does obey Eq.~5!.

As seen in Eq.~20!, four parameters are needed to spec
the induced mixing matrixV̄, not three. Hence the values o
the neutrino massesMa may affect the values of the mixing
angles. This turns out to be the case in a particularly relev
situation which we shall discuss later.

The fitting of experimental data is not as straightforwa
as it might be, because we do not know howV is linked to
the experimental mixing matrix U, defined by n i

5( j 51
3 Ui j ñ j ( i 5e,m,t), and parametrized as

U5S c12c13 s12c13 s13

2s12c232c12s23s13 c12c232s12s23s13 s23c13

s12s232c12c23s13 2c12s232s12c23s13 c23c13
D .

~21!

As usual, si j 5sinuij and ci j 5cosuij , and phases are ig
nored. We shall follow the usual convention to take all m
ing angles to be between 0 andp/2, so that bothsi j andci j
are non-negative.

We do know that the threen’s are flavor neutrinos so the
must be the same as the threen ’s, and that the threeñ’s are
mass eigenstates so they must be identical to the threeñ ’s.
But, we do not know which is which.ni is arranged accord
ing to increasing Majorana massesmi of the uncoupled fla-
vor neutrinos, andñ j is arranged according to increasin
eigenvalues. On the other hand,n i is fixed by their weak
interactions, andñ j is tied ton i throughUi j and the experi-
mental mixing angles. To find the correct assignments oni

to n i and ñ j to ñ j , we need to determine what permutatio
9-5
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C. S. LAM PHYSICAL REVIEW D 65 053009
of rows and columns ofV̄ are needed to bring it into the form
of U. As noted earlier, although there are six parameters inV̄,
the ordering requirement~5! does make the columns an
rows of V̄ inequivalent.

The present experimental situation is as follows.
Atmospheric mixing is maximal. It gives tan2u2351, with

a square mass differenceDMatm
2 52.531023 (eV)2 @7#.

There are several possible solar-neutrino soluti
@8–10#. Of these we consider the three most likely on
Large mixing angle~LMA !, ~LOW!, and vaccum~VAC!.
The exact parameters and the goodness of the fit of e
depend on the specific analysis, but generally speaking,
LMA solution is the most favorable. In global analys
where both rate and spectrum are taken into account,
small mixing angle~SMA! solution is poor so we will not
consider it. The parameters do not vary that much fr
analysis to analysis, so for the following discussions, we w
adopt the parameters taken from Table 2 of Ref.@9#. The
(tan2u12,DMsol

2 ) values for these solutions are: LMA
5~0.36,531025), VAC5~0.363, 1.4310210), LOW5~0.69,
1.131027). The unit forDM2 is (eV)2. As for the reactor
angle, only an upper bound of tan2u13,0.04 is known5 from
the CHOOZ experiment@11#.

We do not know the values ofMa , except for an upper
bound of about 2 eV@12# from end-point measurements o
tritium b decay. We will therefore treatM1 as a parameter, to
be varied from 0 to 2 eV. Using Eq.~5!, the values ofM2 and
M3 are then determined from the magnitude of the solar
atmospheric gaps. If the solar gap is on top, thenM2

5AM1
21(DM2)atm andM35AM2

21(DM2)sol. We will des-
ignate this case asG51. If the solar gap is at the bottom
then M25AM1

21(DM2)sol and M35AM2
21(DM2)atm. We

will designate this case asG52.
Let
ay

-
re
-

un
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r5~M22M1!/~M32M1!5a1b512g2d ~22!

be the ratio of mass differences. Its value depends onM1, on
G, and on the solar-neutrino solution. Listed below are so
values ofr for the solar solutions@LMA, LOW, VAC # at
variousM1 andG:

@0.98995, 0.99998, 1.00000# ~M150 eV, G51!,

@0.98001, 0.99996, 1.00000# ~M151 eV, G51!,

@0.98000, 0.99996, 1.00000# ~M152 eV, G51!,

@0.14142, 0.00663, 0.00024# ~M150 eV, G52!,

@0.02001, 0.00004, 0.00000# ~M151 eV, G52!,

@0.02000, 0.00005, 0.00000# ~M152 eV, G52!.
~23!

We see thatr is close to 1 forG51, and close to 0 forG
52.

An analytical solution exists if we approximater to be 0
for G52, and 1 forG51. This is discussed below, sep
rately for G52 andG51, together with the numerical so
lutions when this approximation is not made.

A. GÄ2

The mass ofñi increases withi. When the solar gap is a
the bottom, either (ñ1 ,ñ2 ,ñ3)5( ñ1 ,ñ2 ,ñ3), or (ñ1 ,ñ2 ,ñ3)
5( ñ2 ,ñ1 ,ñ3).

When r50, it follows from Eq.~22! that a5b50, be-
cause botha and b must be non-negative. Using Eq.~19!,
we also getd512g. Defininga/b5a, the matrixV̄ in this
limit simplifies to
V̄5S A~11j!ga/~g1j!~11a! A~11j!g/~g1j!~11a! Aj~12g!/~g1j!

2A1/~11a! Aa/~11a! 0

2A~12g!aj/~g1j!~11a! 2A~12g!j/~g1j!~11a! Ag~11j!/~g1j!
D . ~24!
ring
The outstanding feature of this matrix isV̄2350. Sinceñ3

5ñ3 and the atmospheric mixing is maximal, the only w
that this could happen is forn25ne , and V235Ue35s13

50.
Thus the smallness ofs13 is naturally related to the small

ness ofDMsol
2 /DMatm

2 , at least in the sense that we a
forced to haves1350 if the mass ratio is zero. This remark

5CHOOZ quotes an upper bound of sin2(2u)50.1 for largeDM2,
corresponding to a tan2u50.026. In the vicinity of DM252.5
31023 eV2, the best-fitted atmospheric mass difference, the bo
is tan2u.0.038. We will be cautious and take tan2u13,0.04.
able feature of the model is a consequence of the orde
Eq. ~5!, which demands botha andb to be non-negative. It
is not the result of an arranged texture.

To implement the atmospheric mixing condition tan2u23
51, we needj5g/(122g), then

V̄5S Aa/2~11a! A1/2~11a! A1/2

2A1/~11a! Aa/~11a! 0

2Aa/2~11a! 2A1/2~11a! A1/2
D . ~25!

To bring V̄ into the form of U, we can multiply the first
d
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TABLE I. Each of these tables shows the fitted parameters (a,b,g,d) for a givenM1 and j, whenG
52. The resulting value of tan2u13 is given. The last two columns should be equal to tan2u12 and j,
respectively, in ther50 limit. To save space, 1.831025, for example, is written as 1.8(25). LMA: M1

52 eV, r5.02, tan2u1250.36

j tan2u13 a b g d a/b g/(122g)

0.500 0.0007 0.0054 0.0146 0.2465 0.7335 0.3668 0.4862
0.300 0.0013 0.0054 0.0146 0.1868 0.7932 0.3662 0.2983
0.050 0.0211 0.0052 0.0148 0.0520 0.9280 0.3488 0.0581
0.032 0.0398 0.0050 0.0150 0.0375 0.9425 0.3329 0.0406

LMA: M150 eV, r50.14, tan2u1250.36
j tan2u13 a b g d a/b g/(122g)

100 0.0043 0.0415 0.0999 0.4106 0.4480 0.4150 2.297
10 0.0050 0.0414 0.1000 0.3937 0.4648 0.4142 1.853
1 0.0139 0.0408 0.1006 0.2846 0.5740 0.4054 0.661
0.34 0.0391 0.0390 0.1024 0.1901 0.6685 0.3807 0.307

LOW: M152 eV, r50.00005, tan2u1250.69
j tan2u13 a b g d a/b g/(122g)

0.5000 4.4~29! 1.8~25! 2.7~25! 0.2500 0.7500 0.6900 0.4999
0.0100 4.9~26! 1.8~25! 2.7~25! 0.0098 0.9901 0.6900 0.0100
0.0010 0.0005 1.8~25! 2.7~25! 0.0010 0.9989 0.6898 0.0010
0.0001 0.0313 1.8~25! 2.7~25! 0.0001 0.9998 0.6738 0.0001

LOW: M150 eV, r50.00663, tan2u1250.69
j tan2u13 a b g d a/b g/(122g)

1 4.2~25! 0.0027 0.0039 0.3302 0.6632 0.6946 0.9723
0.100 0.0012 0.0027 0.0039 0.0833 0.9101 0.6940 0.0999
0.030 0.0099 0.0027 0.0039 0.0291 0.9643 0.6894 0.0309
0.013 0.0398 0.0027 0.0040 0.0137 0.9797 0.6739 0.0141

VAC: M150 eV, r50.00024, tan2u1250.363
j tan2u13 a b g d a/b g/(122g)

0.1000 1.3~26! 6.3~25! 0.0002 0.0834 0.9164 0.3631 0.1001
0.0100 0.0001 6.3~25! 0.0002 0.0099 0.9899 0.3630 0.0101
0.0010 0.0080 6.2~25! 0.0002 0.0011 0.9987 0.3562 0.0011
0.0004 0.0400 5.9~25! 0.0002 0.0005 0.9993 0.3292 0.0005
-

ast

ay

e
sed
it.
-
g

e

column of V̄ by 21 ~this is just a change of sign conven
tion!, and change its rows~1,2,3! to ~2,1,3!. The resulting
matrix

Ū5S A1/~11a! Aa/~11a! 0

2Aa/2~11a! A1/2~11a! A1/2

Aa/2~11a! 2A1/2~11a! A1/2
D ~26!

should be compared withU in the approximations1350,
which is

U5S c12 s12 0

2s12c23 c12c23 s23

s12s23 2c12s23 c23
D . ~27!
05300
It shows s125Aa/(11a) and c125A1/(11a). Since a is
arbitrary, all solar solutions can be accommodated.

If we interchange the first two columns and also the l

two rows ofŪ, we simply interchangea with a21. Sincea is
arbitrary, this form is equally allowed. Hence there is no w

to distinguish the case (n2 ,n3)5(nm ,nt) and (ñ1 ,ñ2)

5( ñ1 ,ñ2) from the case (n2 ,n3)5(nt ,nm) and (ñ1 ,ñ2)

5( ñ2 ,ñ1).
The actual value ofr is given in Eq.~23!. It is zero for the

VAC solution whenM1 is between 1 and 2 eV, to within th
number of digits shown, so the analytical solution discus
above is perfectly adequate. No more will be said about

For the other cases,r.0, numerical solutions are pro
vided in Table I. This table is constructed in the followin
way. For a givenM1 and j, and a given solar solution, th
three parametersb,g,d(a512b2g2d) are determined
9-7
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from fitting the three inputs,r, tan2u2351, and tan2u12.
Then tan2u13 is calculated. To test the goodness of the a
proximation r50, we also list in the last two columnsa
5a/b andg/(122g) calculated from the fitted parameter
Whenr50, the former is equal to tan2u12, and the latter is
equal toj. Other than the LMA solution atM150 eV, where
r50.14 is fairly large, the agreement is quite good. T
shows that the approximationr50 is a very reasonable one

Since tan2u1350 when r50, one might expect tan2u13
~and therefore also sin2u13) to be small whenr is small. A
glance at Table I shows that this is not necessarily the c
as we can adjust the parameterj to yield a tan2u13 as large as
the CHOOZ bound 0.04, or even bigger. To understand w
this means let us examine the formula

sin2u135V̄23
2 5

abd~11j!

~a1j!~g1b!~d1g!
~28!

obtained from Eq.~20!. For smallr, botha andb aresmall.
As pointed out above, the approximationsj.g/(122g)
and tan2u12.a5a/b are good. The parametera is fixed by
the solar solution, so sin2u13 is of orderb2, unless the de-
nominator in Eq.~28! is also small. Nowd1g512a2b
.1 for smallb anda, andj is proportional tog for small
g, hence the denominator is small and of orderb2 if and
only if g is itself of orderb. In that casej.g, and
05300
-

s

e,

at

sin2u13.
a

~a1c!~11c!
~g5cb!1! ~29!

may indeed be large. An examination of Table I shows this
indeed what happens: tan2u13 is relatively large only wheng
is relatively small.

g can vary from 0 to 12a2b.1 for smallr. Except for
very smallg, in most of this range it yields a small tan2u13.
So in a statistical sense it is indeed true that a smallr tends
to yield a small tan2u13, meaning that the smallness of th
reactor angle is naturally related to the smallness of the s
to atmospheric mass gap ratio.

B. GÄ1

The main conclusions of the last subsection are essent
unchanged. Here are the details.

When the solar gap is on top, either (ñ1 ,ñ2 ,ñ3)

5( ñ3 ,ñ2 ,ñ1) or (ñ1 ,ñ2 ,ñ3)5( ñ3 ,ñ1 ,ñ2) must be true.
When r51, it follows from Eq. ~22! that g5d50 be-

cause they must both be positive. In that case it follows fr

Eq. ~19! that a512b. Defining d/g5d, the matrix V̄ in
this limit simplifies to be
rst
V̄5SA~11j!~12b!

12b1j
A jb

~12b1j!~11d!
A jdb

~12b1j!~11d!

2A bj

12b1j
A ~12b!~11j!

~12b1j!~11d!
A ~12b!d~11j!

~12b1j!~11d!

0 2A d

11d
A 1

11d

D . ~30!

Similar to the caseG52, sinceñ15 ñ3, we should identifyV315Ue35s1350, and hencen35ne . The atmospheric condition
tan2u1351 then requiresj5(11d2b2db)/(212d12b1db), and turnsV̄ into

V̄5S A1/~21d! A1/~21d! Ad/~21d!

2A~11d!/~21d! A1/~11d!~21d! Ad/~11d!~21d!

0 2Ad/~11d! A1/~11d!
D . ~31!

Multiplying the second row and the second column each by21, and interchanging the first and third rows and well as the fi
and third columns, bringV̄ to the form

Ū5S A1/~11d! Ad/~11d! 0

2Ad/~11d!~21d! A1/~11d!~21d! A~11d!/~21d!

Ad/~21d! 2A1/~21d! A1/~21d!
D , ~32!

which we can identify withU of Eq. ~27! to fix the parameterd from the solar angle.
We can carry out a numerical fit like Table I and obtain similar results. Since in this caser;1 is a fairly good approxi-

mation even for theM152 situation of LMA, we will not show these fits here.
9-8
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V. CONCLUSION

In theories with extra dimensions where ordinary partic
are confined to the three-brane, only gravity and sterile n
trino are allowed to roam in the bulk. Moreover, if there
only a single large extra dimension, the energy scale of g
ity would still be too high to produce many gravitons, then
leaves the neutrino to be the only probe of extra dimensi
in high-energy experiments. It is therefore important to
vestigate whether there are signs pointing to a higher dim
sion in the neutrino data.

A large extra dimension may explain the small neutri
mass. The Strong coupling between brane and bulk neutr
may also explain the large mixing not seen in the qu
sector. Unfortunately, it is not easy to realize these ide
because oscillations into sterile neutrinos are greatly di
vored in the solar and atmospheric neutrino data, and
presence of the Kaluza-Klein tower of sterile neutrinos fro
the bulk tends to produce a very complicated oscillation p
tern not hitherto observed. In this paper we consider a sim
h-
T

y
d

n-

05300
s
u-

v-
t
s

-
n-

os
k
s,
a-
e

t-
le

and economic model where both of these problems
solved. The model consists of a sterile neutrinons in addi-
tional to three active neutrinosne ,nm ,nt on the brane,
coupled strongly to a single common neutrino in the bu
but not directly among themselves. In the strong- coupl
limit, the complicated oscillation patterns are washed out,
induced couplings between the brane neutrinos beco
large, and the sterile neutrinos on the brane and in the b
can be made to decouple from the active neutrinos. T
results in a realistic theory of neutrino oscillations, capa
of accommodating all existing neutrino data. It also predi
a natural connection between the smallness of the rea
angle u13, and the smallness of the solar to atmosphe
mass gap ratio.
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